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We model the restoring effects of caffeine on sleep-deprived individuals.
Caffeine effects were modeled as a multiplying factor on caffeine-free performance.
Individualized caffeine models outperformed population-average models.
The model captured the effects of both single and repeated caffeine doses.
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Rationale: While caffeine is widely used as a countermeasure to sleep loss, mathematical models are
lacking.
Objective: Develop a biomathematical model for the performance-restoring effects of caffeine in sleepdeprived subjects.
Methods: We hypothesized that caffeine has a multiplicative effect on performance during sleep loss.
Accordingly, we ﬁrst used a phenomenological two-process model of sleep regulation to estimate
performance in the absence of caffeine, and then multiplied a caffeine-effect factor, which relates the
pharmacokinetic–pharmacodynamic effects through the Hill equation, to estimate the performancerestoring effects of caffeine.
Results: We validated the model on psychomotor vigilance test data from two studies involving 12
subjects each: (1) single caffeine dose of 600 mg after 64.5 h of wakefulness and (2) repeated doses of
200 mg after 20, 22, and 24 h of wakefulness. Individualized caffeine models produced overall errors
that were 19% and 42% lower than their population-average counterparts for the two studies. Had we
not accounted for the effects of caffeine, the individualized model errors would have been 117% and
201% larger, respectively.
Conclusions: The presented model captured the performance-enhancing effects of caffeine for most
subjects in the single- and repeated-dose studies, suggesting that the proposed multiplicative factor is a
feasible solution.
& 2012 Elsevier Ltd. All rights reserved.
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Cognitive performance decrement due to sleep loss is recognized as a threat to safety and productivity in both civilian and
military settings, prompting the investigation of pharmacological
countermeasures against the adverse effects of reduced sleep on
cognitive performance (Balkin et al., 2004; Caldwell and Caldwell,
2005). Among the various pharmacological sleep and fatigue
countermeasures available, caffeine is the most widely used
stimulant drug in both occupational and non-occupational settings. Over the past decade, results of numerous laboratory and
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ﬁeld studies in which caffeine was administered as either a single
or repeated dose have demonstrated that, when used at appropriate doses, caffeine can restore or maintain performance in
sleep-deprived individuals, with minimal side effects (Bonnet
et al., 2005; Brice and Smith 2002; Institute of Medicine, 2001;
Kamimori et al., 2000; Wesensten et al., 2005).
The pharmacokinetics (PK) of caffeine and its dose-dependent
metabolism in humans have been well characterized (Bonati
et al., 1982; Denaro et al., 1990) and the mechanism of action
(antagonism of adenosine receptors) is also well-understood
(Bertorelli et al., 1996). However, only very few attempts have
been made to quantify or model the performance-enhancing
effects of caffeine in humans. Recently, Seng et al. (2010) developed population-average PK–Pharmacodynamic (PD) models that
capture the psychomotor effects of caffeine on a battery of tests,
including oculomotor assessment (saccadic velocity) and neuropsychological performance assessment (in which mean reaction
times were measured). An assumption of these PK–PD models,
however, is that individuals are fully alert (i.e., they are not sleep
deprived) at the time of caffeine administration, thus limiting the
potential utility of these models to predictions of caffeineenhanced performance under optimal or semi-optimal alertness
conditions. Nevertheless, mathematical models that accurately
predict the restoring effects of caffeine on the performance of
sleep-deprived individuals could serve as a tool to determine the
precise time and amounts of caffeine doses that result in performance peaks at the desired time and that can safely prolong peak
performance.
Only two models that account for the effects of caffeine on
fatigue and performance of sleep-deprived individuals have been
published to date (Benitez et al., 2009; Puckeridge et al., 2011).
Benitez et al. used a novel performance-inhibitor model that
consists of a homeostatic component (assumed to be proportional
to the concentration of the adenosine receptor–inhibitor complex
in the brain, with incorporation of the antagonistic effect of
caffeine on the adenosine receptors via a receptor binding
equation) and a circadian component (modeled as a fourharmonic sinusoidal equation with a 24-h period). This 13parameter model was used to characterize the average restorative
effects of repeated doses of 200 mg of fast-acting caffeinated
chewing gum on a population of nine subjects following 77 h of
total sleep loss. However, because the homeostatic component of
the model is novel and has not been adequately validated on
caffeine-free performance data of sleep-deprived individuals, the
model ﬁdelity before caffeine administration and after the effects
of caffeine have dissipated is not known. Moreover, caffeine
absorption is not represented in the model (it is assumed to be
instantaneous), limiting its application to fast-acting caffeine
formulations.
Puckeridge et al. (2011) incorporated the effects of caffeine by
expanding a physiologically based model of sleep–wake dynamics
(Phillips and Robinson, 2008), which represents the homeostatic
and circadian processes by describing several interactive neuronal
mechanisms. Although their model represents the complex
dynamics of the sleep/wake system and the effects of caffeine
on sleep–wake timing and fatigue, it requires the estimation of a
large number of model parameters (21; 16 to characterize the
homeostatic and circadian processes and ﬁve to represent caffeine
effects). The model was individualized to characterize the restoring effects of a single dose of 600 mg of caffeine on performance
data from 12 subjects conﬁned to 49 h of total sleep deprivation.
However, the effects of caffeine were validated only on subjective
sleepiness scores, which may not reﬂect objective cognitive
performance measures (Van Dongen et al., 2003).
In this work, we attempt to overcome some of the abovementioned limitations by proposing a more parsimonious

individualized biomathematical model that quantiﬁes the
performance-restoring effects of both single and repeated doses
of caffeine when sleep/wake history and circadian phase are
unknown. The proposed model consists of two components: (1)
our previously developed individualized model of the effects of
sleep loss on performance under caffeine-free (placebo) conditions (Rajaraman et al., 2008, 2009) and (2) a model of the PD
effects of caffeine on performance restoration based on the PK–PD
Hill relationship (Wagner, 1968). In particular, we propose that
caffeine has a multiplicative effect on performance during
sleep loss.

2. Methods
2.1. Study data
Psychomotor vigilance test (PVT) data from two studies were
used to evaluate the proposed model. The PVT is a visual vigilance
task in which subjects press a button in response to a visual
stimulus that is presented on a random interval (2–10 s) schedule
over a 10-min period, resulting in 100 stimulus–response pairs
(Dinges and Powell, 1985; Dorrian et al., 2005). In a PVT session, a
time (initially set to ‘‘000’’) is displayed in the center of a
computer screen and subjects are instructed to press a response
key as soon as the time display begins to scroll. The subject’s
response stops the timer, displays the reaction time for  0.5 s,
and then initiates the next trial. The subject’s response times are
automatically recorded, as are the number of responses larger
than a speciﬁed ‘‘lapse’’ threshold (generally 500 ms). The latter is
used to quantify performance impairment, with larger number of
lapses indicating greater impairment.
For the ﬁrst study, we used PVT data obtained from a
controlled laboratory experiment (single-dose study, labeled
study A) involving 24 healthy young adults who were kept awake
for 85 consecutive hours (Wesensten et al., 2005). Our analysis
was based on a subset of 12 subjects who were administered
600 mg of caffeine (Vivarins pills) after 64.5 h of wakefulness
(i.e., at 0000 h on day 4). The remaining 12 subjects were
administered a placebo pill after the same period of wakefulness.
All subjects completed a 10-min PVT every 2 h starting at
0800 hours on day 1, which continued through 1800 h on day 4,
for a total of 42 PVT sessions.
The data from the second study (repeated-dose study, labeled
study B) were collected during a laboratory experiment in which
48 healthy young adults were kept awake for 29 consecutive
hours (Kamimori et al., 2005). Our analysis was based on a subset
of 12 subjects who were administered 200 mg of Stay Alerts
(Amurol Confectioners, Yorkville, IL) caffeinated chewing gum at
the beginning of each of three 2-h test blocks occurring after 20,
22, and 24 h of sleep loss (corresponding to 0300, 0500, and
0700 h, respectively, on day 2). The remaining subjects were
administered either placebo (N ¼12), 50 mg of caffeinated gum
(N ¼12), or 100 mg of caffeinated gum (N ¼12) in a similar
manner. All subjects completed 10-min PVTs starting at 0800 h
on day 1 and ending at 1200 h on day 2, for a total of 29 PVT
sessions, including nine sessions prior to caffeine administration,
six sessions during each of the three subsequent 2-h test blocks,
and two additional tests after the third 2-h test block.
All subjects in both studies reported a total sleep time of
approximately 6–9 h for the night immediately before the beginning of the studies. Further, they were habitually low to moderate
caffeine users, with average, self-reported daily caffeine consumption of o400 mg. Both studies were approved by the Walter
Reed Army Institute of Research Human Use Committee (Silver
Spring, MD) and the United States (U.S.) Army Medical Research
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Fig. 1. Proposed approach to model the performance-enhancing effects of caffeine. We hypothesized that performance impairment Pc(t) at discrete-time index t aftercaffeine intake can be modeled as the product of caffeine-free performance P(t), which is represented by the two-process model of sleep regulation, and the
pharmacodynamic effect of caffeine gPD(t), with 0rgPD(t) r 1, which was assumed to have a temporal structure governed by the pharmacokinetics of caffeine in the
plasma.

and Materiel Command Human Subjects Review Board (Ft.
Detrick, MD). Written informed consent was obtained from all
subjects prior to their participation.
2.2. Model of the effects of caffeine on performance restoration
We hypothesized that caffeine has a multiplicative effect on
performance during sleep loss. In other words, the cognitive
performance impairment estimate [Pc(t)] of a sleep-deprived
individual after caffeine intake at a discrete-time index t can be
formulated as
P c ðtÞ ¼ PðtÞ  g PD ðtÞ,

ð1Þ

where P(t) represents the individual’s caffeine-free performance
impairment at time awake t and gPD(t) represents the PD effect of
caffeine, with 0 rgPD(t)r1, where 1 corresponds to PD effects in
the absence of caffeine, i.e., the most impaired performance, and
0 corresponds to the maximal PD effect on cognitive performance,
i.e., complete restoration with no impairment. Hence, with this
multiplicative model, performance impairment levels decrease
after caffeine intake and, eventually, as caffeine is cleared, return
to the levels that would be observed if caffeine had not been
administered. Fig. 1 shows a schematic of the proposed model,
which requires estimates of both P(t) and gPD(t).
2.3. Model for caffeine-free performance
To obtain the caffeine-free performance estimate P(t) during
the period following caffeine administration, we used the twoprocess model of sleep regulation (Borbely, 1982), which forms
the basis of the majority of the ‘‘legacy’’ population-average
performance prediction models (Mallis et al., 2004) as well as
the recently proposed individualized fatigue and performance
models (Rajaraman et al., 2008, 2009; Van Dongen et al., 2007).

The model assumes that the temporal pattern of alertness can be
represented as the additive interaction of two separate processes
(Achermann and Borbely, 1994): Process S (sleep homeostasis),
which is dependent on sleep/wake history, increases exponentially with time awake and decreases exponentially with sleep/
recovery time to a basal value (Daan et al., 1984; PorkkaHeiskanen et al., 1997), whose rates of increase/decrease are
individual-speciﬁc, assumed to be constant, and have unknown
values; and Process C (circadian), which is independent of sleep/
wake history and represents a self-sustaining oscillator with a 24h period (Achermann and Borbely, 1992; Fuller et al., 2006). Thus,
mathematically, in discrete-time notation, P(t) at time awake t
can be expressed as (Rajaraman et al., 2008)


5
X



2p 
Pðt Þ ¼ aaS0 exp ðt1ÞrT s þ b
ai sin
i ðt1ÞT s þ f ,
i¼1

t

ð2Þ
where a and b are the parameters that control the relative effect
of the two processes S and C on performance, respectively, r
represents the buildup rate of homeostatic pressure, Ts denotes
the sampling period, S0 represents the initial homeostatic state,
which depends on the prior sleep/wake history, t denotes the
fundamental time period of the circadian clock (  24 h), ai, i¼1,
y,5, represent the amplitudes of the ﬁve harmonics of Process C,
and f denotes the initial circadian phase. Here, we chose to keep
the amplitudes of the ﬁve harmonics (a1 ¼0.97, a2 ¼ 0.22,
a3 ¼0.07, a4 ¼0.03, and a5 ¼0.001) and the fundamental period
(t ¼24 h) constant over time, thereby enforcing the shape of
Process C to be identical among all individuals (Achermann and
Borbely, 1992).
Thus, the performance of an individual under total sleep
deprivation, in the absence of countermeasures, is modeled as a
nonlinear function of ﬁve unknown parameters (a, r, b, S0, and f)
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whose values are uniquely estimated from a set of prior (caffeinefree) performance measurements for that individual, i.e., measurements from PVT sessions conducted prior to the ﬁrst caffeine
dose administration. However, in order to obtain reliable individualized two-process model parameter estimates, the method
requires a certain minimum number of prior performance measurements (Rajaraman et al., 2008). In the absence of sufﬁcient
measurements prior to caffeine intake to individualize the model
parameters, we used a Bayesian approach that combines performance data from the available sessions with a priori performance
data estimated from a population-average prediction model, with
both data sets assumed to be normally distributed (Rajaraman
et al., 2009). Here, the population-average model consisted of the
two-process model in Eq. (2) with ﬁxed (population-average)
model parameters (a ¼29.70 lapses, r ¼0.035 h  1, b ¼4.30 lapses,
S0 ¼0.94, and f ¼6.90 h) obtained from Van Dongen et al. (2007).
After using the Bayesian approach to obtain individualized parameters for the two-process model in Eq. (2), we used it to predict
individual-level caffeine-free performance estimates P(t) for the
period following caffeine administration.
2.4. Model for the PD effect of caffeine
The PD effect of caffeine gPD(t) was modeled using the PK
model of caffeine through the Hill equation (Csajka and Verotta,
2006). In particular, to model the PD effect of caffeine on
performance (quantiﬁed by PVT lapses, where more lapses reﬂect
a greater degree of performance impairment), we assumed that
the antagonistic effect of caffeine on the A1 and A2A adenosine
receptors (Fisone et al., 2004; Fredholm et al., 1999) can be
modeled using the Emax model, popularly known as the Hill
equation [PK–PD relationship] (Csajka and Verotta, 2006), reﬂecting the classical receptor occupancy theory (Ariens, 1954;
Wagner, 1968). Here, we used the following inhibitory Emax model
to formulate the PD effect:
g PK ðtÞ
,
g PD ðt Þ ¼ 1
g PK 50 þg PK ðtÞ

ð3Þ

where gPK(t) denotes the concentration of caffeine at the effect
site in the brain and g PK 50 represents the caffeine concentration at
which gPD attains half of its maximum effect, i.e., 1/2. Note that
the maximal effect is observed when gPK is inﬁnitely large, i.e.,
when gPD approaches zero. Also, the baseline effect, i.e., the effect
in the absence of caffeine, was set to 1 so that Pc(t) would be equal
to P(t) in the absence of caffeine, both before caffeine administration and after the effect of caffeine has dissipated. Because PK
data may not always be available, we ﬁrst modeled the PK proﬁle
of caffeine, and then estimated the parameters of the model from
the available PD data (Jacqmin et al., 2007).
The PK disposition of caffeine in plasma is often assumed to
follow a one-compartment model with the ﬁrst-order absorption
kinetics (Bonati et al., 1982; Kamimori et al., 2002). Thus, the
temporal proﬁle of the plasma concentration gPK(t) at discretetime index t, with t ¼1, 2, y, for an orally administered caffeine
dose given at time index t0 can be expressed by the following biexponential function (Bonate, 2005; Gibaldi and Perrier, 1982):
g PK ðt Þ ¼





DF ka 
exp ke T s ðtt 0 Þ exp ka T s ðtt 0 Þ
V d ka ke

for t Z t 0 ,
ð4Þ

where Ts denotes the sampling period, ka and ke denote the
absorption rate and the elimination rate, respectively, D denotes
the dosage amount, F denotes the bioavailability of caffeine, and
Vd denotes the volume of distribution in the body. Note that Eq.
(4) represents the proﬁle of caffeine concentration in the plasma
only, and not the caffeine concentration in the brain, although it is

the latter, vis-a -vis Eq. (3), that governs the PD effect of caffeine
on cognitive performance. However, experimental studies on
mice have shown that plasma and brain caffeine concentrations
are linearly related (Kaplan et al., 1989). Therefore, we assumed
that Eq. (4) is also valid for expressing the caffeine concentration
in the brain.
When we substituted the PK model of caffeine in Eq. (4) into
Eq. (3), we obtained the following expression:




 1
ka 
g PD ðt Þ ¼ 1 þAc
exp ke T s ðtt 0 Þ exp ka T s ðtt 0 Þ
ka ke
for t Zt 0 ,

ð5Þ

where we combined DF=V d and g PK 50 into one unknown constant
parameter, Ac ¼ DF=V d g PK 50 , terming it the amplitude factor. In
what follows, we refer to the expression of gPD(t) in Eq. (5) as the
three-parameter (Ac , ke, and ka) PD model.
2.5. Individual-speciﬁc PD model
Using the expression for gPD(t) in Eq. (5), we computed
individual-speciﬁc model ﬁts Pc(t) to the performance data Pcm(t)
measured after caffeine intake as follows: using an individual’s
measured data Pcm(t) and an estimate of P(t), we ﬁrst calculated
gPD(t) at discrete time points t by solving Eq. (1) for gPD(t). Using
these calculated data points, we then obtained least-squares ﬁts of
the model in Eq. (5) to estimate the caffeine model parameters Ac , ke,
and ka for each individual, and thus individualized gPD(t) models.
Finally, we used Eq. (1) to obtain individualized caffeine model
performance ﬁts Pc(t), i.e., the individualized performance estimates
after caffeine intake. We assessed the accuracy of these individualized performance ﬁts by calculating the root mean squared error
(RMSE) between the ﬁts Pc(t) and the measured performance data
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Pt0 þ M1
1=M
½Pc ðtÞPcm ðtÞ2 , where M
Pcm(t), i.e., RMSE ¼
t ¼ t0
represents the number of PVT performance measurements taken
after caffeine intake.
2.6. Population-average PD model
We also obtained population-average caffeine model parameters and the corresponding PD model by minimizing the sum
of the squared errors of the gPD(t) model ﬁts of all subjects taken
together, i.e., we minimized the following objective function:
"
#2
M1
N t0 þ
 X
X
Picm ðtÞ
ð
Þ
t
,
ð6Þ
g
J Ac ,ke ,ka ¼
PD
P i ðtÞ
i ¼ 1 t ¼ t0
where Picm(t) denotes the measured data of the i-th subject, Pi(t)
represents the caffeine-free estimate of the i-th subject, and N
represents the total number of subjects. To compare the accuracy
of the population-average model with the individual-speciﬁc
model ﬁts, we computed the RMSE between the populationaverage model ﬁt and the measured performance data for each
subject in a similar way as described above for the individualspeciﬁc PD model.
We programmed our own codes in MATLABs v7.14.0 to obtain
the individualized two-process model ﬁts and caffeine-free performance estimates. However, to obtain the caffeine model
parameters, we used the fminsearch multidimensional unconstrained optimization routine from the MATLABs v7.14.0 Optimization Toolbox to perform the least-squares minimization.
2.7. PD model for repeated doses
Thus far, we have described our procedure to obtain individualized and population-average PD caffeine models representing
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Fig. 2. Individualized caffeine model ﬁts for three subjects with distinct sleep-loss phenotypes [average sensitivity to sleep loss (top), vulnerable to sleep loss (middle), and
resilient to sleep loss (bottom)] from the single-dose study A. The gray circles represent psychomotor vigilance test (PVT) lapses, measured once every 2 h. The dashed
vertical line at 64.5 h denotes the time of caffeine (600 mg) administration. The dotted lines represent the caffeine-free individualized two-process model performance
estimates based on PVT measurements obtained prior to caffeine administration. The dashed-dotted lines represent the individualized caffeine model ﬁts to the
performance data measured after-caffeine intake. RMSE, root mean squared error.

the performance-enhancing effects of a single dose of caffeine.
Using the same procedure, we extended our models to capture
the effects of repeated caffeine doses. This extension required the
assumptions that (1) caffeine concentrations in the human brain
may be characterized by linear pharmacokinetics, i.e., caffeine
concentrations resulting from each caffeine dose may be additively combined based on the principle of superposition (Cutler,
1978; Gibaldi and Perrier, 1982); (2) each of the repeated caffeine
doses have the same formulation and dosage strength; and (3)
g PK 50 of the Emax model in Eq. (3) remains constant with repeated
dosing, which may not be a valid assumption under extreme
conditions, such as for frequent caffeine doses, in which case
individuals might develop tolerance to the effects of caffeine.
Under these assumptions, we reformulated the PK model in Eq.
(4) to reﬂect the net plasma concentration of caffeine under a

repeated-dosing regimen, and expressed it as
g PK ðt Þ ¼

L
X
l¼1

Hðtt l Þ





DF ka 
exp ke T s ðtt l Þ exp ka T s ðtt l Þ ,
V d ka ke
ð7Þ

where HðÞ represents the Heaviside step function, whose value is
0 for t otl and 1 for t Ztl (Bracewell, 2000), L denotes the number
of doses, and tl denotes the discrete-time index of when the l-th
caffeine dose was administered. Accordingly, the three-parameter
gPD(t) model for repeated doses can be expressed as
"
L
X


ka 
g PD ðt Þ ¼ 1þ
Hðtt l ÞAc
exp ke T s ðtt l Þ
k
k
a
e
l¼1


exp ka T s ðtt l Þ 1 ,
ð8Þ
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where the amplitude factor Ac bears the same meaning as in
Eq. (5).
2.8. Two-parameter PD model
The PD models in Eqs. (5) and (8) are based on PK models that
account for the absorption rate ka of caffeine. However, in some
cases the gPD(t) data may not be sampled with sufﬁcient frequency to capture the absorption phase of the caffeine PK or the
study may involve fast-acting caffeine associated with signiﬁcantly large values of ka (4
4ke). For instance, the PVT data in
single-dose study A were obtained only once every 2 h; however,
the caffeine pills administered to the subjects typically cause the
plasma concentrations to peak within 30–90 min after the caffeine intake (Newton et al., 1981). In contrast, the PVT data in
repeated-dose study B were measured once every 15 min following caffeine intake; however, the Stay Alerts gum administered to
the subjects is fast acting, releasing  85% of the caffeine dose
within the ﬁrst 5 min of gum chewing (Kamimori et al., 2002). In
either of these scenarios, the PK proﬁle can be reduced to the
following mono-exponential function:
g PK ðt Þ ¼



DF
exp ke T s ðtt 0 Þ
Vd

for t Z t 0 :

ð9Þ

The single- and repeated-dose PD models in Eqs. (5) and (8)
can then be simpliﬁed to the following two-parameter PD
models:
1

g PD ðtÞ ¼ 1 þ Ac exp½ke T s ðtt 0 Þ
(
g PD ðtÞ ¼

1þ

L
X

for t Z t 0 and

ð10Þ

)1
Hðtt l ÞAc exp½ke T s ðtt l Þ

,

ð11Þ

l¼1

respectively. The above simpliﬁcation, however, cannot be indiscriminately generalized to the other studies without due consideration to the type of caffeine formulation used and the sampling
time following caffeine administration. For instance, in studies
where slow-release caffeine is used (Beaumont et al., 2001), the
original three-parameter PD model may be more appropriate.

who had distinct sleep-loss phenotypes (i.e., average sensitivity,
vulnerable, and resilient to sleep loss, respectively) determined
based on visual inspection of the performance impairment proﬁle
before caffeine administration. When we compared the caffeinefree performance estimates with the measured performance after
caffeine intake for the average and vulnerable subjects (1A and
7A, respectively), we observed a signiﬁcant improvement in
performance immediately after caffeine administration and a
subsequent return to caffeine-free levels, with their corresponding caffeine model ﬁts exhibiting a similar pattern. For the
resilient subject 6A, we observed a similar qualitative behavior
although with a much reduced performance improvement after
caffeine administration when compared to the caffeine-free
estimate.
Table 1 shows the individualized parameter estimates of the
two-parameter caffeine model along with the corresponding
RMSEs of the model ﬁts for the 11 subjects in study A. It also
shows the population-average parameter values and the related
RMSEs of the model ﬁts. We observed that the differences in
RMSEs between the individualized models and the populationaverage model for the majority of the subjects were no more than
three lapses. The average RMSE of the population-average model
ﬁts across the 11 subjects was 9.61 lapses, and for the individualized ﬁts it was 19.25% lower at 7.76 lapses. These results suggest
that between-subject performance variability was not signiﬁcantly different following caffeine intake. To further investigate
the hypothesis that caffeine intake reduced inter-subject performance variability, we performed a two-sample F test for equal
variances (Zar, 1999) between PVT data from the placebo and
caffeine-administered subjects across all PVT sessions, both
before and after caffeine/placebo intake. The analysis revealed
that the inter-subject variances of the subjects administered
caffeine were signiﬁcantly (P o0.05) smaller than those of the
placebo subjects for the initial 6 h (three PVT sessions) after
caffeine intake, but were not statistically different in the subsequent sessions and before caffeine intake.
To quantify the beneﬁt of extending the caffeine-free model to
account for caffeine effects through the gPD multiplier in Eq. (1),
we computed the RMSEs between the individualized caffeine-free
model estimates P(t) and the measured performance Pcm(t) after

3. Results
We used data from the single-dose study (study A) and the
repeated-dose study (study B) to ﬁrst obtain individualized
caffeine-free performance estimates, and subsequently obtain
individual-speciﬁc and population-average caffeine model performance ﬁts using the proposed approach. Finally, we compared
the individualized caffeine model performance ﬁts against those
obtained using the population-average models.

Table 1
Individualized and population-average parameter estimates of the two-parameter
caffeine model and the corresponding root mean squared errors (RMSEs) of the
model ﬁts for the 11 subjects from the single-dose study A. Ac , modiﬁed amplitude
factor; ke, elimination rate.
Subject Sensitivity to sleep
loss

Individualized RMSE (lapses)
parameter
estimates

3.1. Single-dose study A
Performance data from one of the 12 subjects in study A did
not show the expected enhancing effects of caffeine, i.e., the
estimated caffeine-free performance P(t) had fewer lapses than
the measured performance following caffeine intake Pcm(t).
Therefore, we excluded this subject’s data from the analysis,
and used data from the remaining 11 subjects to evaluate the
single-dose caffeine model. The individualized two-process model
parameters obtained for each of these 11 subjects are listed in
Table A1 in Appendix A. Note that in this study the sampling
period Ts was 2 h, before and after caffeine intake.
Using the two-parameter PD model, we computed individualspeciﬁc caffeine model ﬁts to PVT data of each of the 11 subjects.
Fig. 2 shows the caffeine model performance ﬁts for three
subjects, 1A (top panel), 7A (middle panel), and 6A (bottom panel),

1A
2A
3A
4A
5A
6A
7A
8A
9A
10A
11A

Average
Vulnerable
Average
Average
Vulnerable
Resilient
Vulnerable
Resilient
Average
Resilient
Resilient

Population-average
parameters
Mean

Ac

ke
(h  1)

Individualized Populationaverage

17.37
26.80
30.04
6.07
6.03
5.23
2.67
2.40
4.67
3.88
3.38

0.45
0.38
0.39
0.23
0.13
0.25
0.12
0.01
0.26
0.01
0.04

7.89
14.94
9.77
11.24
4.00
4.74
10.36
1.77
7.56
7.76
5.36

11.73
19.89
11.85
12.26
6.06
5.27
11.65
1.90
10.45
9.48
5.14

4.32

0.15
7.76

9.61
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resilient subjects (4B, 5B, 6B, 8B, 9B, and 10B) matched reasonably
well with the measured performance in the ﬁrst two 2-h test
blocks, but to a lesser extent in the third test block. In contrast, for
the vulnerable subjects (2B and 3B), the individualized caffeine
model ﬁts deviated signiﬁcantly from the data at multiple points.
This was primarily because the caffeine-free performance estimates P(t) obtained using the two-process model were considerably lower than the measured PVT lapses Pcm(t) at those points
(results not shown). The lack of ﬁdelity of the caffeine-free
performance estimates was primarily due to the limited number
of performance measurements prior to caffeine intake (nine),
which prevented the Bayesian algorithm from adequately ‘‘learning’’ these subjects’ vulnerable sleep-loss phenotype. Compared
to the individualized caffeine model ﬁts, the population-average
caffeine models performed well for the resilient subjects, but less
well for the average and vulnerable subjects. This was attributed
to a bias in the population-average model towards the six
subjects (out of 11) with a resilient sleep-loss phenotype in
detriment to the two vulnerable subjects (2B and 3B). Although
the individualized models for these two subjects underpredicted
the number of PVT lapses, in comparison to the population-average

caffeine intake for each subject. We obtained an average RMSE of
16.82 lapses, which was 117% larger than the average individualized caffeine model error (7.76 lapses).
3.2. Repeated-dose study B
In study B, one of the 12 subjects did not exhibit the expected
performance-enhancing effects of caffeine, resulting in an estimated P(t) that was lower than the measured performance Pcm(t)
following each of the three caffeine administrations. Consequently, we excluded this subject’s data from our analysis, and
used data from the remaining 11 subjects to evaluate the
repeated-dose caffeine model. The individualized two-process
model parameters obtained for each of these 11 subjects are
listed in Table A2 in Appendix A. Note that in this study the
sampling period Ts was set to 2 h before caffeine intake and to
15 min after caffeine intake.
Fig. 3 shows the two-parameter repeated-dose individualized
and population-average caffeine model ﬁts obtained for each of
the 11 subjects in study B. We observed that the individualized
caffeine model ﬁts for the average subjects (1B, 7B, and 11B) and

Caffeine intake
(200 mg)

PVT lapses

60

29

Caffeine intake
(200 mg)

Caffeine intake
(200 mg)

Caffeine intake
(200 mg)

Average
(Subject 1B)

Vulnerable
(Subject 2B)

Vulnerable
(Subject 3B)

Resilient
(Subject 4B)

Resilient
(Subject 5B)

Resilient
(Subject 6B)

Average
(Subject 7B)

Resilient
(Subject 8B)

40

20

0

PVT lapses

60

40

20

0
20

PVT lapses

60

22

24

26

Time awake (h)
Resilient
(Subject 9B)

Resilient
(Subject 10B)

Average
(Subject 11B)

Measured
performance

40

Individualized
caffeine model
20

Population-average
caffeine model

0
20
22
24
26
Time awake (h)

20

22

24

Time awake (h)

26

20
22
24
26
Time awake (h)

Fig. 3. Individualized and population-average caffeine model ﬁts for 11 subjects of the repeated-dose study B. The dashed vertical lines at 20, 22, and 24 h denote the times
of caffeine dose (200 mg) administration. The gray circles in each of the plots represent the measured psychomotor vigilance test (PVT) lapses. The dashed-dotted and
dotted lines represent the individualized and population-average caffeine model ﬁts, respectively, to the performance data measured after the ﬁrst caffeine dose
administration.
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Table 2
Individualized and population-average parameter estimates of the two-parameter
caffeine model and the corresponding root mean squared errors (RMSEs) of the
model ﬁts for the 11 subjects administered with three doses of 200 mg caffeine in
the repeated-dose study B. Ac , modiﬁed amplitude factor; ke, elimination rate.
Subject Sensitivity to sleep
loss

1B
2B
3B
4B
5B
6B
7B
8B
9B
10B
11B

Average
Vulnerable
Vulnerable
Resilient
Resilient
Resilient
Average
Resilient
Resilient
Resilient
Average

Population-average
parameters
Mean

RMSE (lapses)

Individualized
parameter
estimates
Ac

ke
(h  1)

Individualized Populationaverage

1.36
0.24
0.43
11.54
9.29
9.64
1.02
9.16
6.51
5.68
1.77

0.01
0.97
1.25
0.23
0.06
0.28
1.13
0.28
0.20
0.26
0.14

3.39
12.25
10.75
1.80
1.18
2.34
6.81
2.28
2.12
2.40
4.35

3.90
20.06
21.88
4.23
4.32
4.01
11.13
4.11
3.96
3.71
4.43

1.90

0.25
4.51

7.80

model, they provided considerably improved model ﬁts with  45%
smaller RMSEs (12.25 vs. 20.06 for subject 2B and 10.75 vs. 21.88
for subject 3B; Table 2).
Table 2 lists the individualized parameter estimates of the twoparameter caffeine model along with the corresponding RMSEs in
the model ﬁts for the 11 subjects in study B. For comparison
purposes, we also show the RMSEs of the ﬁts obtained with the
population-average caffeine model. Here, we observed that the
differences in RMSEs of the ﬁts were no more than three lapses for
the resilient subjects, but were at least seven lapses for the
vulnerable subjects. The average RMSE of the population-average
model ﬁts across the 11 subjects was 7.80 lapses, and for the
individualized ﬁts it was almost 42% lower at 4.51 lapses, suggesting that between-subject performance was signiﬁcantly different
following caffeine intake. In fact, when we performed a twosample F test for equal variances (Zar, 1999) between PVT data
from the placebo and caffeine-administered subjects across all PVT
sessions, both before and after caffeine/placebo intake, we
observed no statistical differences in inter-subject variances
between the two groups. This was in contrast to the single-dose
study A results, where caffeine reduced inter-subject variability
immediately after its administration. We believe that the larger
inter-subject variability in study B was caused by the large
between-subject variability in the PK of the Stay Alerts caffeine
gum (Syed et al., 2005) and the increased frequency of the PVTs
conducted in the three 2-h test blocks immediately following
caffeine administration; six 10-min PVTs were conducted at 5,
20, 35, 50, 65, and 95 min in each 2-h test block.
Although the population-average caffeine model did not perform as well as the individualized model, when compared to the
individualized caffeine-free model estimates it provided an average improvement of  43% (RMSE of 7.80 lapses vs. 13.58 lapses).
This average RMSE of the individualized caffeine-free model
estimates was  201% larger than the average individualized
caffeine model error, highlighting the beneﬁt of accounting for
caffeine effects in the performance model.

4. Discussion
Caffeine is an efﬁcacious and widely used fatigue countermeasure. Although the dose-related PK proﬁle of caffeine is well

established, its PD effects on the cognitive performance of sleepdeprived individuals have not been adequately characterized,
limiting the development of quantitative mathematical models
describing the performance-enhancing effects of caffeine under
operationally relevant conditions. If available, such models could
serve as a tool to better manage the administration of caffeine
countermeasures by determining the precise time and amounts of
caffeine doses that result in performance peaks at the desired
time and that can safely prolong peak performance.
Here, we propose a new modeling approach that builds on the
phenomenological two-process model of sleep regulation with
the assumption that caffeine has a multiplicative effect on the
cognitive performance of sleep-deprived individuals. Accordingly,
we modeled caffeine effects on performance by ﬁrst using the
two-process model to estimate performance impairment due to
sleep loss in the absence of caffeine, and then multiplying this
estimate by a caffeine-effect factor gPD, ranging between 0
(maximal performance restoration) and 1 (no restoration), that
relates the PK of caffeine to its PD effect on performance through
the Hill equation.
We assessed the performance of our proposed modeling
approach by computing the post-caffeine administration performance ﬁts on data from two separate studies: (1) single-dose study
A and (2) repeated-dose study B. In these studies, we assessed the
performance of individualized as well as population-average
caffeine models using a two-parameter (Ac and ke) gPD model.
However, depending on the post-administration sampling rate of
performance data and the caffeine formulation, it may be necessary to use the three-parameter model to account for absorption
rate ka in the PK of caffeine. Although the results shown here are
limited to PVT data, the model output can be readily scaled to
represent other cognitive performance metrics.
The individualized caffeine model ﬁts (from both studies)
suggest that the proposed model adequately characterized the
performance-enhancing effects of caffeine of most subjects. For
the single-dose study, the individualized caffeine models produced ﬁts that were 19% better than those obtained with the
population-average model. For the repeated-dose study, this
difference doubled to 42%. A smaller difference between
population-average and individualized models supports the
hypothesis that caffeine reduces inter-subject variability during
the duration of its PD effects. Statistical analyses, where we
compared inter-subject variances between placebo and caffeine
groups prior and post-caffeine administration, support this
hypothesis for the single-dose study but not for the repeateddose study. We support the hypothesis that caffeine does reduce
inter-subject variability and speculate that such reduction was
not observed in study B primarily because it was counterbalanced
by time-on-task effects. Indeed, unlike study A where 10-min
PVTs were performed once every 2 h post-caffeine administration,
in study B PVTs were performed six times during each of the three
2-h test blocks post-caffeine administration.
We also assessed the beneﬁt of accounting for the caffeine
effects in the model, i.e., the effects of the gPD multiplier in Eq. (1).
In the absence of the multiplier, i.e., considering individualized
caffeine-free estimates P(t), the average model error was 117%
larger for study A and 201% larger for study B. We also found that
the proposed model represented the performance enhancing
effects of caffeine to the same extent as those observed in the
measured data. When we used the measured PVT data to
compute the average percentage improvement in performance
after caffeine administration between the caffeine and placebo
groups, we observed a 64% improvement for study A and a 78%
improvement for study B. These results were in close agreement
with the 67% and 70% improvements, respectively, for studies A
and B, when we compared the model ﬁts of the population-
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average caffeine model with those of the population-average
caffeine-free model. Although the two groups involved different
subjects and these constitute indirect comparisons, they do
provide additional evidence to the validity of our caffeine modeling framework.
The proposed approach for modeling the restoring effects of
caffeine on the PVT performance of sleep-deprived individuals is
fundamentally different from the models proposed by Benitez
et al. (2009) and Puckeridge et al. (2011) in a number of ways.
One of the major differences is the model structure. The proposed
approach is a direct extension of Borbely’s widely used twoprocess model of sleep regulation (Mallis et al., 2004; Rajaraman
et al., 2008, 2009; Van Dongen et al., 2007), consisting of ﬁve
parameters that describe the additive effect of the homeostatic
and circadian processes and three (or two) additional parameters
to model caffeine effects. In contrast, the performance-inhibitor
model proposed by Benitez et al. uses 11 parameters to model the
multiplicative effect of the homeostatic and circadian processes
plus two additional parameters to model the effects of caffeine
(i.e., caffeine absorption is not represented), whereas the
expanded sleep–wake dynamics model proposed by Puckeridge
et al. uses 16 parameters to model the additive effect of the
homeostatic and circadian processes and ﬁve additional parameters to model the effects of caffeine. The larger degrees of
freedom afforded by these two models (13 and 21 parameters,
respectively, vs. eight for the present approach) facilitate model
ﬁtting; however, they also increase the complexity and amount of
data required for model parameter speciﬁcation, especially for
individualized models.
These models also differ with respect to the approaches used to
represent caffeine effects. As discussed previously, the proposed
approach isolates the effects of caffeine from the two-process
model components and represents them through a bounded (0–
1) multiplying factor that scales both the homeostatic and circadian
processes equally. In contrast, the model proposed by Puckeridge
et al. (2011) ignores the effects of caffeine on the circadian process
and solely affects the homeostatic process through a multiplying
factor. While the effects of caffeine on circadian amplitude and
phase are not well understood, independent studies have shown
that caffeine suppresses melatonin secretion (Shilo et al., 2002;
Wright et al., 1997), which in turn affects the circadian process. In
addition, unlike the proposed approach, their multiplying factor
½1zH f PK ðtÞ, where zH is a positive constant representing the
strength of the PD effects of caffeine and f PK ðtÞ denotes the PK
proﬁle as a function of time t, is not bound from below. Thus, for
large caffeine doses (e.g., 600 mg) and/or highly caffeine-sensitive
individuals, the multiplying factor can become negative, causing
the model to produce negative performance impairment values
after caffeine administration (Puckeridge et al., 2011).
The proposed model also has some limitations. One key
limitation is the requirement for accurate individualized
caffeine-free performance estimates following caffeine administration. This necessitates the availability of sufﬁcient performance
data prior to caffeine intake so that the parameters of the twoprocess model can be adapted and ‘‘learn’’ an individual’s sleeploss phenotype, which typically requires about 20 PVT data points
(Rajaraman et al., 2008, 2009). This limitation was apparent in
study B, in which only nine performance measurements were
available prior to caffeine intake (200 mg), biasing the Bayesian
adaptive approach towards the population-average prior and
yielding inadequate results for the two subjects with the vulnerable sleep-loss phenotype. Because the model outputs are primarily driven by the caffeine-free-estimate portion of the model,
this limitation becomes more pronounced when individuals are
administered smaller caffeine doses (e.g., 50 and 100 mg), which
often result in restoring effects that are indistinguishable from
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those of placebo. One approach to address this limitation (i.e.,
when sufﬁcient performance data prior to caffeine intake are not
available for an individual) is to use the limited available data to
classify the individual into one of three sleep-loss phenotypes
(vulnerable, average, or resilient) and substitute the adaptive,
individualized caffeine-free model with one of these three
phenotype-speciﬁc ‘‘population-average’’ models. Another limitation is the assumptions that, in repeated doses, caffeine concentrations resulting from each caffeine dose can be additively
combined and that individuals do not develop caffeine tolerance.
However, the validity of these assumptions may vary as a
function of the extent to which the repeated dosing regimen
involves frequent administrations, relatively large doses, or dosing over extended periods of time.
To enhance the utility and effectiveness of the proposed
model, we seek to incorporate additional capabilities. In particular, we are developing strategies to incorporate caffeine dosage as
an input to the model so that the same model—with a range of
dosage-dependent parameter values—can be used to reﬂect the
effects of different doses of caffeine. We are also exploring the use
of the predictive modeling framework previously developed by
our group (Rajaraman et al., 2008, 2009) to extend the proposed
model from one where we characterize (i.e., ﬁt) the effects of
caffeine on cognitive performance to one where we predict
performance levels after caffeine intake for a desired prediction
horizon.
In summary, the described work constitutes a new approach to
modeling the effects of caffeine on fatigue and performance of
sleep-deprived individuals. By integrating a biomathematical PD
model of caffeine with the well-established two-process model of
sleep regulation, this approach allows us to estimate the restoring
effects of single and repeated caffeine doses on the temporal
dynamics of cognitive performance variations during total sleep
deprivation. While many challenges remain, the proposed model
provides a ﬁrst step towards development of predictive caffeine
models under sleep-loss conditions, a capability that has been
elusive.
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Appendix A. Individualized two-process model parameter
estimates
Using the method described in Section 2.3, we obtained the
individualized two-process model parameters for each of the 11
subjects in studies A and B, and tabulated them in Tables A1 and
A2, respectively.
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Table A1
Individualized two-process model parameter estimates for the 11 subjects from
the single-dose study A. a, upper asymptote of the homeostat; r, homeostatic
buildup rate; b, circadian amplitude; S0, initial homeostatic level; f, circadian
phase.
Subject

a (lapses)

r (h  1)

b (lapses)

S0 (unitless)

f (h)

1A
2A
3A
4A
5A
6A
7A
8A
9A
10A
11A

23.92
47.27
24.84
24.13
41.31
11.77
52.46
3.37
34.70
23.42
8.36

0.04
0.04
0.03
0.03
0.04
0.03
0.04
0.03
0.04
0.04
0.03

7.66
11.74
7.88
7.77
18.80
3.91
15.65
1.29
11.45
9.11
4.09

1.00
0.92
1.31
1.08
0.92
1.28
1.16
1.13
0.98
1.29
1.57

4.82
4.73
4.86
4.81
6.06
7.29
5.15
6.31
6.27
5.61
4.03

Table A2
Individualized two-process model parameter estimates for the 11 subjects from
the single-dose study B. a, upper asymptote of the homeostat; r, homeostatic
buildup rate; b, circadian amplitude; S0, initial homeostatic level; f, circadian
phase.
Subject

a (lapses)

r (h  1)

b (lapses)

S0 (unitless)

f (h)

1B
2B
3B
4B
5B
6B
7B
8B
9B
10B
11B

31.22
18.79
18.03
27.56
26.09
25.56
25.68
25.81
30.42
34.05
27.92

0.04
0.04
0.03
0.03
0.03
0.03
0.04
0.03
0.03
0.03
0.03

5.32
6.29
17.06
6.88
7.33
7.28
5.29
7.04
6.26
5.98
5.83

1.32
0.81
0.01
1.30
1.30
1.29
0.91
1.25
1.33
1.33
1.22

4.07
5.58
8.72
3.89
4.14
4.44
4.86
4.21
4.42
4.18
4.24
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